Physical self-adjoint extensions and their spectra of the one-dimensional Dirac type Hamiltonian operator in which both the mass and velocity are constant except for a finite jump at one point of the real. Their properties and relation to different boundary conditions on envelope wave functions are studied. The limiting case of equal masses (with no mass jump) is reviewed. Transport across one-dimensional heterostructures described by the Dirac equation is considered.
I. INTRODUCTION
The knowledge about the physics of heterostructures assumes that the electrons in these materials are effectively described by the Schrödinger equation with a position dependent mass [1] . The discovery of graphene [2, 3] ended the belief that the Dirac equation useless in condensed matter physics. Physicists are now facing a condensed matter system where the effective low energy model for the quasi-particles is that of an ultrarelativistic, i.e massless Dirac equation with an effective Fermi velocity that is much lower than the velocity of light.
Physical systems with an abrupt discontinuity of the mass and velocity at one point model the behavior of a quantum particle, i.e. an electron moving in a media formed up by two different materials. In each material the particle behave as if it had a different mass and velocity. The discontinuity point represents the junction between these two materials.
The simplest model is given by a one -dimensional system in which the mass and velocity are constant except for a finite jump at one point of the real axis, which is chosen to be the origin for simplicity,
where m l and m r (m l = m r ) are the masses at rest on the left and right, respectively. In this case, the Hamiltonian operator has the functional form
where v l , v r are the speeds of light in each medium and
are the Pauli matrices.
In this paper, we show that the operator (2) , in a suitable domain, has infinite self-adjoint extensions. All the self-adjoint extensions have real a discrete spectrum. Thus, all self-adjoint extensions describe bound states only. We examine which extensions could to play an interesting role according to physical arguments.
The paper is organised as follows: in section II, we find the set of all possible self-adjoint extensions of H. In section III, we calculate the reflection and transmission coefficients for all self-adjoint extensions, and we use constraints from physical arguments to reduce the set of all possible self-adjoint extensions. From the equation of the poles of the scattering coefficients, we obtain the equation that characterizes the spectrum of each self-adjoint extension.
II. SELF -ADJOINT EXTENSIONS OF H
We will follow to Reed [4] and Naimark [5] to construct the self-adjoint extensions of H. To construct the selfadjoint extensions of the operator H we must begin by defining the smaller domain where the action operator makes sense. In this section we will assume that the operator H is densely defined. The domain of the operator H, D(H), is a subspace of L 2 (R), i.e.,
where W 2,1 (R) is the corresponding Sobolev space, and ψ is a two -component spinor wave function
The operator H is symmetric and closed. Let H † the adjoint of H, with domain
Note that D(H) ⊂ D(H † ). The deficiency subspaces of H are given by
with the respective dimensions n + and n − . These are called the deficiency indices of the operator H and will be denoted by the ordered pair (n + , n − ). The normalized solutions of
where θ(x) represents the Heaviside step function. Since all the solutions of equations
2 , the deficiency indices are (2, 2) and, the according to Naimark [5] , every self-adjoint extensions are parametrized by a U (2) matrix. This matrix defines a unique self-adjoint extension, H U , of H with domain characterized by means the set of all functions φ ∈ D(H † ) which satisfy the conditions
where
, and
We will denote the matrix (
U11 U12
U21 U22 ) by U. The expressions (9) can be written in the form
where the n + × n − matrix T is given by
whose determinat is given by
The matrix T gives the matching conditions at the origin. From (10), we can rewrite the matrix T in the form
whith
The determinant of (14) is given by
By Comparing (16) with (13), we have that |U 12 | = |U 21 |.
III. SCATTERING COEFFICIENTS AND THE SPECTRA OF H
In this section we will derive the spectra for the self-adjoint extensions H U from poles of scattering amplitudes. For this, let us parametrize the unitary matrix U as
Notice that the points α = 0 and α = π have to be identified. Substituting (17) and (18) in (12), we obtain the components of matrix T:
(19a)
(19b)
(19c)
In terms of (19), the matching conditions (11) are
Let us assume that an incoming monochromatic wave
comes from the left, so that the wave function for x < 0 is
, and the wave function for x > 0 is t l 1
, where r l and t l are the reflection and transmission amplitudes, respectively, for an incoming wave come from the left. Then, the matching conditions (20) at the origin give
and then one finally obtains the expressions of r l and t l as
with
Since the matrix T is not real, the transmission amplitudes are different and the self-adjoint extensions are not explicitly time reversal invariant [6, 7] .
Physically, the term e
in (22b) does not add new information to the phase shift, since that a 0 , a 1 , a 2 and a 3 are independent of the energy, so we can put a 2 = 0 without any loss of information. The matrix T coincides with the corresponding one in the nonrelativistic case [8] precisely when a 2 = 0. In this situation, we have that the matching conditions (20) are 
whose determinant is
Making use of a 2 0 + a
The poles of r l and t l satisfy the following equation
The poles of r r and t r (r r and t r are the reflection and transmission amplitudes, respectively, for incoming wave come from the right) also satisfy (27).The zero values of (22a) correspond to transmission resonances [9, 10] . The zero values of (22b) are called zero momentum resonances [11] , and they occur at E = ±m l c 2 and E = ±m r c 2 . The anti-particle is described by the hole wave function corresponding to the absence of the state with E = −m l,r c 2 [11] .
In the next subsections, we discuss the spectrum of some self-adjoint extension of (2) corresponding to onedimensional spatial Dirac Hamiltonian: (1) with a equally mixed point interaction potential (PIP) at the origin plus mass jump at the same point, (2) with a inverted mixed PIP at the origin plus mass jump at the same point, (3) with a vector PIP at the origin plus mass jump at the same point, and (4) with a scalar PIP at the origin plus mass jump at the same point. The one -dimensional Dirac Hamiltonian with PIPs without mass jump is analyzed in [12] . For simplicity and comparison, the following sections we will impose that v l = v r = c. Thus, (26) equals one, similarly to the case of of equal masses.
A. One -dimensional spatial Dirac Hamiltonian with a equally mixed PIP at the origin plus mass jump at the same point
The boundary conditions corresponding to one -dimensional spatial Dirac Hamiltonian with a vector PIP at the origin plus mass jump at the same point are obtained by the following ids:
where δ is the strength of PIP. By inserting (28) in (25), we obtain the matching conditions for this self -adjoint extension:
By inserting (28) in (27), we obtain the spectral equation (bound states energy equation) For m l = 1, m r = 2 and c = 1, the solution curve of (30) as a function of δ is represented in the Figure 1 . As shown in Figure 1 , the solution curves intersect at a point, which means that they have the same energy for a given value of δ. The value of the energy is insensitive to ratio of the masses. As stated in [12] , the boundary of the lower continuum is never reached for finite values of δ due to the presence of the scalar potential term, but the energy level crosses zero because of the vector potential term (see Figure 1) .
which gives the value of the energy for bound state
The energy (33) coincides with the one found in [12, 13] for the self-adjoint extension called equally mixed potential. At high energies, we have
so that the transmission does not occur as the potential becomes sufficiently strong. Therefore, the interaction equally mixed PIP at the origin plus mass jump at the same point does confine particles. The same conclusion is reported in [12] .
B. One -dimensional spatial Dirac Hamiltonian with a inverted mixed PIP at the origin plus mass jump at the same point
The matching conditions for this self -adjoint extension are
(1+m 2 r c 4 )
where λ is the strength of PIP, λ > 0. The spectral equation is 
which gives the value of the energy for bound state 
withλ ≡ c √ 1 + m 2 c 4 λ. The energy (38) coincides with the one found in [12, 13] for the self-adjoint extension called inverted mixed potential.
For m l = 1, m r = 2 and c = 1, the solution curve of (36) as a function of λ is represented in the Figure 2 . The solution curves intersect at a point, which means that they have the same energy for λ = 0.6324. For weak coupling, the bound-states energy reaches the lower negative continuum, as distinct from that shown in [12] .
At high energies, the transmission coefficient becomes 
so that the transmission does not occur as the potential becomes sufficiently strong. As in the previous subsection, the interaction inverted mixed PIP at the origin plus mass jump at the same point does confine particles. This same conclusion is reported in [12] for this self-adjoint extension.
C. One -dimensional spatial Dirac Hamiltonian with a pure scalar PIP at the origin plus mass jump at the same point
The boundary conditions corresponding to one -dimensional spatial Dirac Hamiltonian with a pure scalar PIP at the origin plus a mass jump at the same point are
where a is the strength of PIP, a < 0. The spectral equation is of allowed energy values appear, which is a common feature of the other scalar-type potentials [14] . As seen in Figure  3 , the same strength a of the scalar potential can bind particles and antiparticles alike. As stated in [12] , the energy level never reaches zero. The positive and negative energy states remain well separated even if the potential becomes strong.
For m l ≈ m r ≡ m, (41) becomes
which gives the value of the energies for bound states
The energy (43) coincides with the one found in [12] for the self-adjoint extension called pure scalar potential. For this potential, at hight energy, the transmission coefficient becomes 
so that the transmission always occurs. There are transmission resonances or virtual bound states [15] for values a c = nπ, n ∈ Z (see Figure 5 ).
IV. CONCLUDING REMARKS.
Using the Von Neumann's theory of self-adjoint extensions and physical arguments, we found the general matching conditions (25) that describe each one of the different domains of the various self-adjoint extensions of (2) . Using the scattering theory, we obtained the spectrum of each one of the extensions. Each of the self-adjoint extensions of (2) corresponds to a different Hamiltonian operator with interaction.
Finally, we analyze four different self-adjoint extensions of (2). The first three are confining self-adjoint extensions, while the latter is not. We discuss the limiting case m l = m r ≡ m for each one of the four self-adjoint extensions. In this limit, the self-adjoint extensions above mentioned correspond to respective point interaction extension. 
